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The present  sti 
ABSTRACT 
3y describes an anal tical method 
for determining the axisymmetric longitudinal mode 
shapes and frequencies of an incompressible and 
inviscid fluid contained in a pressur ized ,  flexible 
oblate spheroidal propellant tank. Ser ies  expansions 
for  the fluid velocity potential and the tank wall deflec- 
tions are combined through the boundary conditions 
and shell  equations of motion to  obtain an  eigenvalue 
problem whose solutions a r e  the sys tem frequencies 
and the coefficients of the series. 
effect of the  ullage gas p r e s s u r e  is  included. 
mat r ix  eigenvalue problem for the case  of a hemis-  
pherical  tank was previously programmed for  the 
computer solutions by Tai  and Wing (Reference 1). 
This program will b e  directly applied to the present  
eigenvalue problem for the numerical  solutions. 
In the analysis,  the 
The 
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a 
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NOMENCLATURE 
Semi-major axis of oblate spheroid 
Unit vector 
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Nondimensional a rb i t r a ry  constants, Equation (10) 
Half the distance between foci of the ell ipse and 
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e 
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and PC is the liquid p r e s s u r e  in the present  analysis  
Nondimensional liquid p r e s s u r e  
Resultant velocity of liquid 
Legendre polynomials of the second kind 
Transve r se  shear ing s t r e s s  resul tants  
Cylindrical coordinates,  Figure 1 
Function of independent variable q Equation (66)  
Pr incipal  radii of curvature  
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second, Equation (85) 
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Integrated squared e r r o r  over  the liquid sur face ,  
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Time 
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equation of second o r d e r ,  Equation (72 )  
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v, w 
0 
V 
v 
g 
P 
Pf 
Part icular  solution of the l inear  differential 
equation of second o rde r  , Equation (72)  
Nondimensional meridian and normal displacements 
Change in the ullage volume due to a unit deflection 
of the m- th normal  deflection, Equation (17) 
Displacement of liquid surface,  Equation (15) 
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Static ullage volume 
Ullage normal  displacement 
Separated dependent var iables ,  Equation ( 3 )  
Cartesian coordinates,  F igure  1 
Functions of independent variable q , Equation (42) 
Isentropic exponent, Equation ( 1 3 )  
Symbols of difference defined by Equation (80) 
Symbols of difference defined by Equation (82) 
Lagrange multiplier 
Poisson’s ra t io  
Oblate spheroidal coordinates,  F igure  1 
= b / c  
Oblate spheroidal coordinates in  meridian and 
hoop- directions,  respectively 
Mass density of the shell 
Mass density of the liquid 
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Velocity potential of the liquid for  steady flow 
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IN TROD UC T ION 
Knowledge of the dynamic behavior of thin-walled fuel tanks is of 
Thin elast ic  
With respec t  to 
g rea t  importance in launch vehicle and spacecraf t  design. 
shel ls  a r e  used as s t ructural  elements of such fuel tanks. 
the dynamic behavior, of pr ime importance a r e  the natural  modes and 
corresponding naturai  frequencies of vibrations. Ariaiysis of ailch response 
must  account for deformational properties of both the liquid and the shell 
and for their  mutual constraints.  To develop an understanding of the action 
of a liquid and shell combination, the longitudinal oscillation of liquid in a 
pressur ized  thin-walled oblate spheroidal tank is considered. 
The small motion of an ideal liquid in a fixed o r  moving rigid container 
of s imple geometrical  shape, such a s  a c i rcu lar  cylindrical tank and a 
spherical  tank, is well known; and the methods of analysis for such prob- 
l e m s  a r e  available for obtaining approximate solutions. 
ence 2),  Hwang (Reference 3) ,  and Chu (Reference 4) have analyzed the 
natural  oscillations of liquid in rigid tanks by the source-sink approach, 
leading to  integral equation statements of the eigenvalue problem. 
of studies have also been made for a thin-shell container of cylindrical and 
spherical  shapes. Coale and Nagano (Reference 5) have dealt with the 
axisymmetr ic  dynamic behavior of a cylindrical tank with a hemicylindrical 
bottom by the method of minimization of the integrated squared e r r o r .  
Gossard (Reference 6) has introduced the energy method for the axisym- 
met r ic  dynamic response calculation of liquid-filled, hemispherical  e las t ic  
membrane shells and has  demonstrated the numerical  calculations by f r ee  
and forced response calculations for sloshing liquid. Pa lmer  and Asher  
(Reference 7) have discussed the axisymmetric longitudinal oscillation of 
thin elastic shells of revolution partially filled with an incompressible liquid 
and containing a pressur ized  gas  in the remaining volume by the d i rec t  
stiffness method. 
concerned with the axisymmetr ic  oscillation of a propellant -filled flexible 
hemispherical  tank and the method of approach is basically the same as in 
the present  report .  
Budiansky (Refer - 
A number 
The very recent work of Tai and Wing (Reference 1) is 
The method of analysis reported herein is based on a mathematical 
It followed that the velocity potential 
model of a membrane shell filled with an incompressible and inviscid fluid 
in axisymmetr ic  harmonic motion. 
satisfying the Laplace's  equation is first established, and then the equations 
of motion of the shell e lements ,  inciuding the i u r c h g  functions obtaizzd 
f rom the velocity potential, a r e  solved for the shell displacement components 
- 1 -  
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with the boundary conditions. Finally, the natural  modes and corresponding 
natural frequencies of the liquid-filled oblate spheroidal tank a r e  determined 
by the method of minimization. 
- 2 -  
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METHOD O F  ANALYSIS 
The tank model upon which the present  analysis is based is a flexible, 
liquid-filled, oblate spheroidal shell. In Figure 1,  the shell configuration 
and the oblate spheroidal coordinate system ( 6 ,  q, 9) are shown, together 
with the rectangular (x, y, z )  and the spherical  ( r ,  0, 9) coordinate systems.  
i n e  dispiaceinellt coi-ripoi.t"lits (ti, ii, T.-) of the ~ h e U  a r e  a l so  shown. The 
liquid in the shell  is assumed to  be both incompressible and inviscid. 
volume above the liquid's f ree  surface is filled with a g a s  that i s  assumed to  
have no significant dynamics of its own in the frequency range under con- 
sideration. The p res su re  Pu due to such gas ac ts  uniformly on the f ree  
surface of the liquid. The 
inertia forces  of the shell in both the radial and meridian directions a r e  
included. 
m. 
The 
Only a n  axisymmetric motion i s  considered. 
1. VELOCITY POTENTIAL O F  LIQUID 
It is shown in hydrodynamic theory (Reference 8) that the continuity 
requirement for  an incompressible, irrotational liquid is stated by Laplace's  
a ru 
t 
Figure 1.  Oblate Spheroid Shell Geometry and Shell Displacement 
- 3 -  
SID 66-46-5 
N O R T H  A M E R I C A N  A V I A T I O N ,  I N C .  SI’ACE and INb’ORMATION SYSTEhIS  DIVISION 
equation. 
be taken to be 
The velocity potential that  satisfies the Laplace’s equation may 
for harmonic motion where w is  the natural  frequency, t i s  the t ime,  and (p 
represents  the velocity potential for steady flow. 
for the case  of the axisymmetr ic  flow of a propellant contained in an  oblate 
spheroidal shell is writ ten a s  
The Laplace’s equation 
By the method of separation, 
4 = X(5)  Y(rl) 
Then, two separate ordinary differential equations a r e  
where n i s  a non-negative integer.  
Solving Equation ( 4 )  for X gives 
( 3 )  
- 4 -  
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where D1 and D2 a re  a rb i t r a ry  constants and Pn and Qn a r e  Legendre 
functions. 
F o r  this case ,  
In o rde r  to avoid singularities at 5 = 0 ,  D2 is assumed zero.  
X = D1 Pn ( i g )  
Solving Equation (5) for Y gives 
(7) 
where D3 is an  a rb i t ra ry  constant. 
F r o m  the solutions given by Equations (7 )  and ( 8 ) ,  it  is reasonable to  
a s sume  that 
r 1 
where 
C = half the distance between foci of the ellipse and equal 
t o b - a  
Bo,Bn - nondimensional a rb i t ra ry  constants to be determined 
1 - . . . .  
I 
- 5 -  
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t 
2(2n  - 1) 
(2n)! 
P n  (T)  = 2 
2n(n!) 
n ( n  - 1) ( n  - 2 )  ( n  - 3 )  n-4 
rl 2-4(2n  - 1)(2n - 3 )  
The substitution of Equation (9 )  into Equation (1) yields the velocity 
potential: 
r m 1 
that is  capable of describing any admissible axisymmetr ic  velocity pattern 
of liquid within the oblate spheroidal shell .  
2 .  PRESSURE ON THE SHELL W A L L  
The fluid pressure  on the shell wall, Pg, can be related to  the velocity 
potential, a, through Kelvin's equation (Reference 7)  
where pf is the density of liquid, q denotes the resultant velocity of the fluid, 
and Pu is the ullage g a s  p ressure .  
with the other t e rms  and s o  it will be neglected here .  It is assumed in the 
present  study that the ullage gas  dynamics is neglected. Hence, the liquid 
surface i s  subjected to uniform p res su re ,  Pu. 
1 The t e r m  7 p f  q2 i s  small  compared 
Substituting Equation (10) for the velocity potential, a ,  in Equation (1 l ) ,  
and neglecting the term-pf 1 q 2 gives 
2 
- 6 -  
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The ullage p res su re  variations can be related to  variations in the 
ullage volume through the l inearized form of the adiabatic, isentropic,  
perfect  gas  relation, which i s  derived f rom 
where Pus is the static ullage p re s su re ,  Vu, is the static ullage volume, 
vu is the fiuctuaiing uiiage voiume and 'Y is the isentropic exponent. 
l inearization, gives 
-_ 
1 hus, 
I the binomial expansion of the right-hand side of Equation (13), a f te r  
pus 
v u s  VU 
p = - -  
U 
The displacement of the liquid, vio a t  q = 0 ,  a s  shown in Figure 2 ,  is 
obtained f rom the expression: 
The fluctuating ullage volume, Vu can be related to the shell and liquid 
motions by the equation 
where the f i r s t  t e r m  on the right-hand side gives the effect of the liquid 
surface,  and the second t e r m  is due to  the shell motions. This t e r m ,  Vag, 
l is determined by the expression 
dVlg = s i n  w t  2 E, dVgm 
m=O 
- 7 -  
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i 
z 
Figure 2 .  U l l a g e  Space and Liquid Displacement 
where Eo, El ,  E2, - - -  a r e  nondimensional a rb i t r a ry  constants and should 
be determined a s  par t  of the solution.Vgm i s  the change in the ullage volume 
due to a unit deflection of the mth assumed normal deflection, wu for the 
ullage space a s  defined by 
W 
wu = sin wt 1 E, 
m=O 
Integrating Equation (16)  f rom 5 = 0 to 5 = 5, gives 
t 
Integrating Equation (17) gives 
m 
vig = sinwt 1 E, Vgm 
m=O 
- 8 -  
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Substituting Equation (1) fo r  
f rom t = 0 to t = t gives 
in Equation (15), and integrating the result 
Differentiating Equation (9) with respect t o  q gives 
Thus,  the displacement of the liquid, vg0, a t  q = 0 is obtained a s  
The fluctuating ullage volume, Vu, is then determined by substituting 
Equations (20)  and (23)  into Equation (19) a s  
t m 
m 
t sin ut 1 E, vgm 
m= 0 
- 9 -  
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where the integration of Pfi(i6) is  
Substituting Equation (24) into Equation (14) gives 
Y Pus s i n o t  m 2 ~ r n  Vgm 
m=O 
vu, 
Substituting Equations (10)  and ( 2 5 )  into Equation ( 1  1) gives the fluid p re s su re  
acting a t  the oblate spheroidal shell a s  
- 10 - 
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3. BOUNDARY CONDITIONS 
According to Lamb's  hydrodynamics, i f  the Cartesian coordinate 
sys tem is used, the  normal  liquid velocity a t  the free surface is expressed 
as 
! -  
a t z  = O  
where g is acceleration of gravity. 
F o r  the general  case ,  the gradient of the velocity potential, V Qi, is  
expressed a s  (Reference 9 )  
- - L -  4 
where 6, 5 2 ,  and 53 a r e  orthogonal curvil inear coordinates,  a l ,  a ~ ,  and a3  
a r e  unit vectors,  and hl, h2, and h3 a r e  scale factors  and expressed a s  
n = 1, 2 ,  and 3 
The Cartesian coordinates a r e  related to the oblate spheroidal coordinates 
by 
x = c J ( l +  5 2 )  (1 - q2)  cos Q 
z =  C f q  
- 11 - 
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+ 
For  the case  of oblate spheroidal coordinates,  cn ,  
a s  (Reference 10): 
a,, and h, are  writ ten 
E l  = c t ,  52 = q ,  k3 = c0s.q 
- e - - ,  - + +  
a3 = al = ag, a 2  = aq, 
Thus,  the sca la r  component of v@ in the -direction i s  obtained f rom 
Equations (28) and (31) ,  
Hence, the boundary condition a t  the f r ee  surface of the liquid contained in 
the oblate spheroidal tank i s  obtained f rom Equations ( 2 7 )  and ( 3 2 )  as  
a t q  = 0 (33) 
At the interface,  the normal  velocity of the liquid and the shell must be the 
same.  Such condition is expressed in t e r m s  of spherical  coordinates a s  
a t r  = a  (34) 
where a i s  t h e  radius of the spherical  shell and the normal displacement of 
the shell ,  w, will be  determined in  the shell analysis.  The sca la r  component 
- 12 - 
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of V Q j  in the 6-direction is obtained f rom Equations (28) and (31), 
Hence, the boundary condition at the interface between the liquid and the 
oblate spheroidal tank i s  obtained f rom Equations (34) and (35) as  
4 .  EQUATIONS OF MOTION F O R  MEMBRANE SHELL 
The equations of motion in t e rms  of oblate spheroidal coordinates can 
be obtained f rom the general  expression introduced in Reference 11 as 
follows : 
“?la+ 
Q -  t a,,a+(Pq t f,,) = 0 (37 )  
a --N-- aa+ N,, N+?l 
rl Rrl ’ N ~ *  ac, + a ~ ,  t 
aq a+ 
t a a  ( P  t f ) = O  (39)  Tr#J 5 e t N  - - 
(+I a+ 
R? (4 R+ 
t N  
aa+*?l Q+ 
t 
- 13 - 
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where N,, N+ ,  Nq+, and N8, a r e  s t r e s s  resul tants ;  %, M+, A&-,+,, and 
M+, a r e  s t r e s s  couple resultants;  Q, and Q+ a r e  t r ansve r se  shearing s t r e s s  
resultants;  Pg, Ptl, and P+ a r e  la teral  loads; f5 ,  f.l, and f+ a r e  inertia 
forces ;  R, and R+ a r e  principal radii  of curvature;  and it is found from 
curvilinear coordinates that 
0 
h2 0 i- 1)(1 - q2)  
, a + = C  
sin (1, 
a 7 = CV 2 
5, = 'I, 5 
1 -, 
= c o s +  
(1, 
3 12 2 2  A s 2  0 i- 1)(52 + q 2 )  ( C 0  + rl ) 
R, = C , R + = C  
6 0  t o m  0 
If the components u ,  v and w of displacement a r e  defined a s  shown in 
Figure 1, the expressions to be substituted for f c ,  f q ,  and f + ,  respectively 
where p is  the mass  density of the shell and h is the thickness of the shell. 
In the present study, a thin oblate spheroidal membrane shell is  
assumed. If the bending s t r e s s e s  in the shell  a r e  neglected, it follows that 
Q, = Q+ = 0 
- 14 - 
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It is a l so  assumed that the oblate spheroidal tank is subjected to an axi- 
symmetr ic  motion. Thus if the tank oscil lates symmetrically with respect  
to the z -axis, then 
Under the conditions of Equations (44) and (45), the equations of motion, 
Equations (37)  through (39) a r e  simplified to 
2 a v  aN,, aa+ 
86, + 85, + at2 - t ( N q  - N ) - =  a a ph- 
a2 u 
‘1 + at2 
0 = a a  ph- 
2 Nrl N h  a w  
- ’ t - t Ps = ph - 
R, R+ at2 
The substitution of Equations (42) into Equations (46), (47) ,  and (48), 
respectively,  yields 
2 
-- aN’l (N,, - N+) -= ‘1 - C  d- ph 
at 2 a, 1 -, 
(47) 
(49) 
- 15 - 
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Equation (50)  indicates that either the velocity in +-direction is constant o r  
the corresponding displacement is zero.  Hence, the equations of motion, 
Equations (49) and (51), a r e  used simultaneously to solve for the displace- 
ments v and w. Under the usual assumption for thin shells,  that the s t r e s s  
components normal to the middle surface a r e  small  compared with the other 
s t r e s s  components and may be neglected in the s t r e s s  -s t ra in  relations,  the 
s t r e s s  resultants,  Nq and N+,  a r e  obtained a s  
I N = D (e  t v e++) q rl*l 
2 Where D i s  extensional modulus and equal to Eh / (  1 - v ) ,  and eqq and e++ 
a r e  the s t ra ins  in the middle surface of the shell. 
The s t ra ins  in the middle surface of the shell, in t e r m s  of oblate 
spheroidal coordinates, can be obtained from the general  expression intro-  
duced in Reference 11 a s  follows: 
1 V u aaq w I 
- 16 - 
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The substitution of Equations (42) into Equations ( 5 3 )  yields 
- 17 - 
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F o r  an axisymmetric motion, Equations (54) a r e  simplified to 
k 0 0  Jk2t l w  
f7V 
e =  
The substitution of Equations (55) into Equations (52) yields the s t r e s s  
resultants in t e rms  of the displacements: 
3 1 2  1 0 0  t c(c2 0 + ."> 
N = D  
4 
5 IJgt l w  
0 0  
3 1 2  
0 
V E a v  
1 
I 
Substituting Equations (56) for  Nq and N+ in Equations (49 )  and (51) ,  and 
performing the differentiation, the equations of motion in t e r m s  of the d i s -  
placements a r e  obtained a s  
- i a  - 
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av  0 I 
(57) 
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To simplify the mathematical  manipulation and nondimensionalize the 
notations, the following substitutions a r e  made in  Equations (57) and (58): 
E 
2 
0 = G  
Fur thermore ,  the following functional coefficients a r e  introduced: 
t 2 t T 2  
K Q  0 
2 2 
v77 -+t v h ( 7 7 )  = -- 
772 
n 
- 20 - 
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( l - v ) q C  dg= -I- 1 
0 0  t 
(1-T2) 3 / 2  (g0+'1 2 2 ) 
L 
-. 
I 
E 4 L 7  0 J 
The equations of motion, Equations (57) and ( 5 8 ) ,  a r e  then writ ten in  the 
forms 
- 21 - 
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It has  been verified that the equations of motion for  spherical  shells a r e  
obtained by substituting the following expressions into Equations (61) and 
( 6 2 ) :  
I a eo = c  c =  0 q = cos 8 
5 .  SOLUTIONS OF EQUATIONS O F  MOTION 
Meridional Displacement 9 
Equations (61)  and (62) constitute two simultaneous l inear  differential 
equations for  two unknowns, 
h e r e  as a function of Pc for  given boundary conditions. F r o m  Equation (62 ) ,  w is writ ten in  the form 
and ??, which will be solved numerically 
where 
2 k q - z )  ( c o 2 t  n2) 1 c 0 2 t n 2 t  v ( l t  5 0 ">I 
2 g (rl) = 51 
( d ) ( 5  2 tr) 2 3  ) - 5  4 (5 2 + ?  z 2  ) - g 4 ( 1 t ~ z )  
0 0 0  0 0 0 0 0  
- 22 - 
SID 66-46-5  
N O R T H  A M E R I C A N  A V I A T I O N ,  I N C .  SPACE and INFORMATION SYSTEMS DIVISION 
Substituting Equation (64) for w in Equation (61) gives 
where 
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0 0 
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53qm 0 0 
H(f 0 , T ) m  
+ 
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2 2,' 
2.1(1 -t so")(e, + 7 [ 3(1t s2)( S 2 t  .") - 25 4 2  (s t T 2 )  - zV54(1+ 5 3 1  x 
0 0  0 0  0 
H(C0, v)z 
3 
5 . 1  
t 
v s  J q  (1ts2)(s2tT12) 0 0  0 
[ &x?) 0 (s2t 0 ,z)m 1 -  H(S 0 9 . 1 )  [ m ( 5 2 t . 1 2 )  0 0 0 t 0 
5 
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aJ 
Y p 
vus m=O 
us  s in  wt 2 EmVgm 
2 2 
W E  . q )  = (1 +c2) (g2  + .’) - c0 4 2  (Eo+ q2) - (1 t52 ) - z V t 4  (1 t t2) (g2 q2) (70) 
0 0 0  0 0 0 0 0  
One of the most obvious ways to solve a l inear differential equation 
numerically is to replace the derivatives in  the equation by their  formal  
expressions in t e rms  of differences and solve the resulting difference equa- 
tion. 
ence 12. 
The present  method of solution follows the one introduced in  Refer - 
To solve Equation (66 ) ,  two boundary conditions a r e  required. Thus, 
the boundary conditions for  the displacement, 7, a r e  
I T=O at q = O  v =  0 a t  q = l  
The general solution of Equation (66) has  the form 
(72) 
- v = c  u t c  v t w  1 2 
- 
where C and C a r e  a rb i t ra ry  constants, u and V a r e  independent solutions 
of the equation o tained by setting R(T) = 0, and w is a particular solution of 
the original equation. One condition is available at the start ing point, suffic- 
ing to  reduce the number of a rb i t ra ry  constants by one, so that the solution 
is now effectively of the f o r m  
5 1 
T = c  u t35  1 
- 27 - 
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Let  W be taken as a solution of Equation (66) so that 
- 
w ( 0 )  = 0 
and U as a solution of the homogeneous equation 
(74) 
such that 
(76) 
- 
u ( 0 )  = 0 
The other boundary condition that = 0 when = 1 provides the equation 
0 = C l i i ( l )  t w (1) (77)  
for  the determination of C ; U(1) and W(1) a r e  obtained in  the solution U(q) 
and W ( q ) ,  respectively. d i t h  C 
boundary conditions, Equations 61) will be found. 
- u and w the solution 7 satisfying the 
A Par t icu lar  Solution (F) 
By using a customary differential operator ,  D,  Equation (66) may be 
writ ten in te rms  of W a s  
In t e r m s  of central  differences i n  Sheppard's notation (Reference 12), the 
differential  operator D i s  given formally by 
- 2 8 -  
SID 66-46-5 
I SPACE and INFORMATION SYSTEMS DIVISION NORTH A M E R I C A N  A V I A T I O N ,  INC.  
3 
and the symbols pa, 1.26 . . . a r e  defined as 
n t  1-Xy where  h = +I . 
paw =-(w 1 - w  ) 
n 2 n t l  n-1 
n 2  n-1 
1 
- - - - - - - -  
2m+ 1 
n 2  n t l  Pb 
n=O, 1 ,2 ,  - 
F r o m  Equations (7 ) and (80) and the symbolic identity p2 = 1 t b2/4, 
the formulas for D , D3, . . . 8 are  obtained. In particular,.  
2 6  2 2  8 2 2 2 1 0  
2 1 2 2 h 4  2 .2  6 2 - ~ 3 . ~  + 2 .2 . 3  . 4  . a  . . 
D = - ( b - - - q - t  h2 6! 8! 1 O! 
2 4  
where the symbols 6 , 6 ,  . . . a re  defined as 
- 2 w  t w  2 -  6 w = w  n n t l  n n-1 
+ 6 G  - 4 %  + W  - - 4w 4- 6 w  = w  n n t 2  n t  1 n n-  1 
2m 
2 
Substituting for D and D 
and (81), and collecting together in a group on the right all differences of 
order  higher than the second, it foiiows that 
in Equation (78) the values given by Equations (79) 
- 29 - 
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where 
S w =  [ hk ‘11 (I)-- ( 3  P6  -t Pb 3 0  . . .)t(L 12 -90 66 t . . .)I. (85) 5 
- 
To obtain a f i r s t  approximation, wo, fo r  the solution of Equation (83 ) ,  the 
second t e r m ,  SG, is ignored. 
second-order differential equation 
- 
Hence, wo i s  obtained by solving the simple’ 
F r o m  the values of Wo obtained above and Equation (85), the value of SWo 
is  obtained. 
equation 
- 
The f i r s t  correction, w l ,  is  the solution of the simple difference 
Lic  = s i c ;  1 0 
the second correction satisfies 
(87) 
and so on, the desired value of w being given finally by 
- w = w  t w l t w  t .  . .  0 2 
2 
By the aid of the definition of p.6 and 6 , the value w 
obtained f rom Equation (84) as 
of the f i r s t  o rder  is  
n 
- 1 - 2 
L E  = w  - 2W t W t Zhkql(qn)(Gnt1 - w ) h kq2(qn)W, n n t 1  n n-1 n -  1 
( 9 0 )  
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W 
Hence, Equation (83) is written as  
Simiiariy,  ignoring ail differences of order  higher than the third in Equa- 
tion (85) ,  SGnmay  be obtained as 
Thus, with initially given values: 
- 
I w = o  a t  q = o  - w = o  at q = h  
Equation (91) gives successively the particular solution Wn a t  qn as  
w - = w  - -F i j i7  t w  t . . .  
n no n l  n2 
A Homogeneous Solution (E) 
F r o m  Equation (75), the homogeneous equation for u i s  written a s  
- 31 - 
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The value of ti i s  found by the same method in computing W above. 
with initially given values: 
Thus, 
u = o a t v = h  I U = o  a t q  = O  - 
the homogeneous solution11 i s  obtained f r o m  the following difference 
equation: 
where 
1 
sin = 12 2 t h k  (r)) v1 n [ 1 t hk ( 7  zntz n l  n 
- 
U 
n t  1 
Equation (97) gives successively the homogeneous solution Un at l' n a s  
A General Solution ( V )  
- - 
u = u  t u  t u  t . . .  
n no n l  n2 
(99) 
F r o m  Equations (91) and (97), the end values u(l) and w ( l )  a r e  de t e r -  
mined; hence,  the constant C1 can be obtained f rom Equation (77). Finally, 
the general  solution of Equation (66) at qn i s  obtained from Equation (73) as: 
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Normal Displacement, w 
The derivative of with respect  to n m a y  be approximately obtained in  
the difference form f rom Taylor 's  se r ies :  
3 3- 
dV h d V I  t (higher powers of h) = V  t 2 h - 1  t--
dr( 3 dq3 
- 
(101) 
- - 
ll= rln
vn+ 1 n-1 
q = r (  n 
Thus, by ignoring all  derivatives of o rder  higher than the third of the s e r i e s  
above, 
- v  - 
dV I ~ v n t l  n-1 
drl 2h 
- -
- 
The normal displacement , wn, i s  then obtained by substituting Equation (1 02) 
fo r  d v / d q i n  Equation (64)  as  
6. MATRIX EIGENVALUE PROBLEM 
Since the form of modal solutions i s  complex, an exact solution can not 
be obtained. 
Equation ( l o ) ,  would represent  an exact solution if an  infinite number of t e r m s  
were  used, a s  a pract ical  mat te r ,  these s e r i e s  must  be truncated. 
velocity potential, Equation (3),  satisfies the differential equation, Equa- 
the liquid surface condition, Equation (331, and the interface condition, 
Equation (36) ,  that suffer. 
mately. 
Although the s e r i e s  representation for the velocity potential, 
Since the 
- tion (2), and the noninterface boundary condition exactly te rm-by- te rm,  i t  i s  
These conditions can be satisfied only approxi- 
The functional e r r o r s  can then be defined as: 
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1 
I C  
f = -  
With these expressions , the total integrated squared e r r o r  over the boundaries 
involved can be expressed as  
I s = s s + s  T 
where 
n = O ,  1, 2 . . . ; m = O ,  1 ,  2 ,  . . .  
In addition to the boundary conditions, Equations ( 3 3 )  and (36), the normal 
displacement , w, must satisfy one boundary condition since the differential 
equation, Equation (61), i s  of the f i r s t  o rder  with respect  to w; hence, one 
boundary condition i s  required for such displacement to solve. 
analysis , the following boundary condition i s  considered: 
In the present  
w = O  a t T = O  
The frequency, w ,  and constants, Bn and Em, a r e  then determined by mini- 
mizing the total integrated squared e r r o r ,  subject to a constraint ,  w = 0. 
The conditions f o r  this minimum are 
aw + x- = o  aB 
- asT 
n n 
a B  
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where A is a Lagrange multiplier to be determined in the solution. 
Equations (1 10) and (1 11) a r e  two sets of homogeneous algebraic equations for 
the constants B,, E,, and a Lagrange multiplier h. 
put in the form of a matr ix  eigenvalue problem. 
These equations can be 
7. SOLUTION OF EIGENVALUE PROBLEM 
The matr ix  eigenvalue problem formulated above can be solved only 
with the aid of a IBM computer. 
for  values of w that make the determinant of the eigenvalue matr ix  vanish. 
An estimated value of the modal frequency w is chosen. 
values of the coefficients and the Lagrange multiplier at the mat r ix  is evalu- 
ated. This process  is repeated for successive values of w until a zero  value 
The method of solution consists of searching 
Then numerical  
of the determinant is found to a desired degree of accuracy. 
The numerical  calculation will be performed by using the existing com- 
puter program which has been generated by Tai and Wing (Reference 1) for 
the case  of longitudinal oscillations of a propellant-filled, flexible hemi-  
spherical  tank. 
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CONCLUDING REMARKS 
The present  method of analysis s e e m  not to have been used for  the 
analysis  of oscillations of liquid- carrying elast ic  tanks. 
methods that have been published to date are based on the energy method, 
requiring extremely elaborate numerical  calculations. 
is straightforward and does not require szch elahnrr te  nwm-erica1 calculations 
as the energy method i f  the motion i s  axisymmetric.  
Instead, all the 
The present  method 
Since the method of solution reported herein can be applied to any 
boundary conditions and expressed in a general form,  the analysis for  any 
other  shapes of the shell  and the numerical  procedure for different boundary 
conditions a r e  not complicated. 
suggested for  future work: 
Hence , the following problem a r e a s  are  
1. The axisymmetr ic  dynamic behavior of membrane shells of 
a rb i t r a ry  contour; 
2. The axisymmetr ic  dynamic behavior of a cylindrical tank with 
a flexible , inverted oblate spheroidal bulkhead; 
3. The axisymmetr ic  dynamic behavior of a cylindrical tank with 
a flexible, inverted a rb i t ra ry-  shaped bulkhead; 
4. Combined membrane and bending theory for  the axisymmetr ic  
dynamic behavior of a cylindrical tank with a flexible, 
inverted oblate spheroidal bulkhead. 
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